Abstract: Distillation columns constitute a significant fraction of the capital invested in the refineries around the world; their control requires a major part of the total operating cost of chemical processes, if the used strategy is not adequate. This article presents the application of optimal fuzzy control to reduce the energy consumption of a BenzeneToluene distillation column. This method is based on the determination of the specific values of the fuzzy controller parameters such that certain performance criterion is minimised. Results of a simulation study are presented showing the potential improvement offered by this method. Copyright 
INTRODUCTION
The control of the overhead and bottom composition in distillation column has been the subject of research for many years. Luyben (1975) has shown that composition control minimizes the energy consumption of a distillation column under the influence of disturbances. However, implementing composition control is not easy due to the phenomenon of interaction or coupling that exists between the various control loops of distillation column (Khelassi, 1991) . In addition, distillation column is usually non-linear, non-stationary, multivariable and is subject to constraints and disturbances.
implications since using the fuzzy controller designed for a linear system directly as the controller may not be a good choice (Wang, 1998 ).
Tanaka and co-workers (Tanaka, 1998a (Tanaka, , b, 2000 tried to obtain a fuzzy controller to minimize the upper bound of the quadratic performance function by linear-matrix-inequality (LMI) approach based on the assumption of local-linear-feedback-gain control structure. Nevertheless, no theoretical analysis on this design scheme of optimal-fuzzy-control structure was proposed (Wu, 2000a) . Wu and Lin (2000a, b) propose a global optimal fuzzy controller for a fuzzy system (i.e., the system described by a fuzzy model).
This paper is organized as follows; a dynamic model of this binary distillation column is presented in Section 2. The Pontryagin minimum principle for solving the optimal control problem is generalised in Section 3. In Section 4, the method developed by Wang to design an optimal fuzzy controller for linear systems is presented. Section 5 deals with the application of the Wang's method to control the study distillation column and gives the obtained simulations results. Figure 1 shows a schematic representation of the binary distillation column studied in this work. The column separates a mixture of Benzene-Toluene. It is constituted of seven trays with feed F is entering at the feed tray f ( 4 = f ).
MODEL OF THE COLUMN
In this process the top composition of the column (x 7 ) is controlled by the reflux (L r ), and the bottom composition of the column (x b ) is controlled by the vapour flow (X v ). The nominal data of the column are given by Khelassi (1991) .
For the modelling of the distillation column, both the material balance and heat transfer equations are used (Cingara, 1990; Luyben, 1992) , thus the obtained model will be constituted by a set of characteristic equations corresponding to the different stages of operating column. For the system of equations describing the operating column see Khelassi (1991) .
The linear model of the distillation column is given by the state space representation (Khelassi, 1991) :
With:
The values of A and B are given by substitution of the linearised versions of equations around the nominal points.
The values of the matrices A, B and C are: 
THE PONTRYAGIN MINIMUM PRINCIPLE
In this section, we state the Pontryagin minimum principle for solving the optimal control problem. Consider the system:
is the control input, and g is a linear or non-linear function.
The optimal control problem for the system (2) is as follows (Macki, 1982) : determine the control ( ) t u such that the following performance criterion
is minimized, where S and L are given functions and the final time T f may be given.
The Pontryagin minimum principle for solving this optimal control problem proceeds as follows. First, define the Hamilton function:
and find
Then, solve the 2n differential equations (Anderson, 1990) :
and let ( )
and ( ) t * λ denote the solution of (6) and (7). Finally, the optimal control is obtained as:
OPTIMAL FUZZY CONTROLLER
In this section a review of the method proposed by Wang to design an optimal fuzzy controller of linear systems is presented. This method is based to determine the specific values of the fuzzy controller parameters such that certain performance criterion is minimised.
Consider the time-invariant linear system:
is the output vector and A, B and C are, respectively, , n n × m n × and n n × ′ matrices. The performance criterion is given by the following quadratic function (Anderson, 1990) :
Where the matrices n n×
are symmetric and positive definite.
It is assumed that the desired controller is constructed from the fuzzy systems. If the rules using singleton fuzzifier, center-average defuzzifier and product inference engine (Wang, 1994; Mendel, 1995) ; the actuating signal from the controller (10) is minimised.
Define the fuzzy basis function: 
where Define the parameter matrix ( )
To achieve maximum optimality, we assume that the parameter matrix θ is varying; that is,
Substituting (14) into (9) and (10), we obtain the closed loop system:
and the performance criterion
Hence, the problem of designing the optimal fuzzy controller becomes the problem of determining the optimal ( ) t θ such that J of (16) is minimised (Wang, 1998 
; that is:
We obtain, approximately, that (Wang, 1998) :
Where ∆ is a full-rank matrix with very small norm;
we introduce ∆ to make ( ) ( ) ∆ + x b x b T invertible (∆ may be generated by a small random number generator). Substituting (19) into (17), we can get: 
Using this * H in (6) and (7), we obtain:
with boundary condition
be the solution of (22) and (23), then the optimal fuzzy controller parameters are (Wang, 1998) :
and the optimal fuzzy controller is:
Note that the optimal fuzzy controller is a state feedback controller with time varying coefficients.
The optimal fuzzy controller algorithm (Wang, 1998) Step 1 Step 2. Compute the fuzzy basis functions ( ) Step 3. Solve the two point boundary differential equations (22) and (23) and let the solution be ( )
Step 4. The optimal fuzzy controller * u is obtained as given by relation (25).
SIMULATION RESULTS
To demonstrate the contribution of the optimal fuzzy control depicted above, a comparison with classical optimal control is performed on the basis of a simulation study. In order to apply the two listed techniques, the RGA (MacAvoy, 1983) of the considered distillation column is generated to select the best control configuration. According to the values of the RGA given bellow
The best control configuration is defined as follows:
The stability condition is verified since the corresponding relative gains of the control configuration pairs of this system are positive. The quadratic function is chosen as:
where e is error vector 
where ( )( ) To express the energy consumed by the distillation column we calculate the integral absolute error IAE of the two loops for the optimal fuzzy control and classical optimal control. The obtained IAE values are given in table 2. The total IAE values (0.2302 for the classical optimal control and 0.1831 of the optimal fuzzy control), shows that the dynamic error is reduced in the optimal fuzzy control, what implies that the energy consumption is reduced in relation to the classical optimal control. Therefore, according to the obtained IAE values, the optimal fuzzy controller gives better results.
CONCLUSION
In this paper an optimal fuzzy controller for a binary distillation column was presented and compared to the classical optimal control. The obtained simulation results show the effectiveness of the optimal fuzzy control. The comparison of the obtained performance criterion IAE values, demonstrated that the consumed energy by the distillation column is optimised in the case of the optimal fuzzy control in relation to the classical optimal control, what constitutes a significant advantage in process industry capital investment, when we know that operating costs of these systems are often amongst the highest. According to these results, the optimal fuzzy control made a good forward in the optimisation of energy consumption in distillation columns.
